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Discrete-Time, Mixed-Norm Control Synthesis
Applied to Aircraft Terrain Following

David R. Jacques,* D. Brett Ridgely,” and Robert A. Canfield®
U.S. Air Force Institute of Technology, Wright—Patterson Air Force Base, Ohio 45433-7765

A fixed-order, mixed-norm control synthesis technique for discrete-time linear systems is demonstrated. The
method allows the control-system designer to combine the Hj, I1, and H,, norms of dissimilar transfer functions
into a single constrained optimization problem. Any number or combination of constraints can be added to the
problem, and the method constrains the norms directly without reliance on upper bounds to the norms. The
method is applied to a terrain-following problem involving a multi-input multi-output model of a fighter aircraft.
An H,-1; problem is formulated and solved to provide altitude and flight-path angle tracking in the presence of
wind gusts and sensor noise. Finally, an H, constraint on output complementary sensitivity is added to improve

robust stability.

Introduction

ECENTLY, there has been a great deal of interest in formulat-

ing and solving multiple-objective optimal control problems
capable of handling different classes of input and output signals. A
typical multiobjective control problem would be to determine the
tradeoff between noise rejection H, and some unstructured pertur-
bation H,, that embodies desired performance and robustness at
either the input or output of the plant (or some combination). Con-
cerns for control and rate saturation also make it desirable to be
able to bound the magnitude of an output in response to a specific
input (/) or a class of bounded-magnitude inputs (I;). Because a
real system is never limited to a single class of inputs or outputs, it
is desirable to handle several classes of inputs and outputs within
the framework of a single optimal control problem.

Walker and Ridgely! and Jacques et al.2 developed a numerical
algorithm for the general H,/H,, problem with output feedback.
Their algorithm produces a suboptimal solution with the controller
order fixed at some specifiable level. Their method has no require-
ments that the constraints be nonsingular, and it allows for multiple
H,, constraints.> The problem of adding a continuous-time L, con-
straint was formulated by Walker* and later solved by Spillman.’
The method described here extends the Walker—Ridgely method for
H,—H,, optimization in that it applies to discrete-time systems, and
it accommodates /; norm constraints. As in the work by Walker,*
the method allows any number of transfer-function norms to be
minimized or constrained directly, as opposed to limiting conser-
vative upper bounds or approximations to the norms. Unlike the
continuous-time problem, however, the discrete-time problem has
no restrictions on the closed-loop D term of the H, compensator.
Although the method is demonstrated with the compensator order
equal to that of the underlying H, problem, the method has been ap-
plied without modification to develop either higher- or lower-order
compensators for the same problem. The method carries no claim of
uniqueness or global optimality over all compensators; however, it
has proven to be effective in balancing performance and robustness
design constraints for a variety of problems tested to date.

Problem Setup

The system considered for the general mixed-norm control prob-
lemis shown in Fig. 1. It contains three sets of exogenous inputs and
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controlled outputs. In general, no relationship is assumed between
r,d, and w, or m, e, and z. The input d is assumed to be a signal
of unknown but bounded energy with ||d]l, < 1, and the input r
is assumed to be a signal of unknown but bounded magnitude with
[I7lloc < 1. Theinput w is assumed to be the discrete-time equivalent
of zero-mean white Gaussian noise of unit intensity. The state space
of P is formed by wrapping the stable weights of an H, problem
from w to z, the stable weights of an [/, problem from r to m, and
the stable weights of an H,, problem from d to e around the original
plant. The order of the individual problems is, in general, less than
the order of P. An expanded state—space realization of P can be
written as

xa(k + 1) = Ayxy (k) + Byw(k) + By, u(k)
2(k) = Cx3(k) + Dyyw(k) + Dyu(k) (M
y2(k) = Cyyx2(k) + Dyyyw(k) + Dy, u(k)
xi(k +1) = Ayx; (k) + Byr (k) + B, u(k)
mk) = Cpxy (k) + Dy (k) 4= Dyt (k) 2
yi(k) = Cyx1 (k) + Dy,r(k) + Dy, ulk)
Yook + 1) = AoXoo (k) + Byd (k) + B, u(k)
e(k) = Cexoo (k) + Dogd (k) + Deyu(k) 3)
Yoo (k) = Cy X (k) + Dyad (k) + Dy, u(k)

where x, x1, and x,, may have some or all states in common. The
different y represent the same measurement, but each has only the
exogenous input associated with its subproblem. In the absence of
disturbances, y, = y1 = ¥x.

The objective of mixed Hy—I;—H,, control is to minimize the
2-norm of the closed-loop transfer function T,,,, while constrain-
ing the 1-norm of the transfer function 7,,, and the oo-norm of the
transfer function T, to be less than some specified levels. A practi-
cal application might be to use the co-norm constraint to guarantee
a certain level of stability robustness, whereas acceptable tracking
error could be ensured by enforcing a 1-norm constraint on the sen-
sitivity, and the 2-norm could be used to optimize noise rejection

Fig. 1 General mixed-norm
optimization problem.
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Fig.2 Command generator used for simulation.

while still meeting the other constraints. Mathematically, the prob-
lem can be stated as follows: For the system shown in Fig. 2, find a
stabilizing controller K (z) of a specified order that achieves

inf “ Tzw ”2 (4)

Kadmissible

subject t0 [T ll1 = v and [Tealleo < v-

The following discussion assumes a fixed controller order equal to
or greater than the minimal order of the H, subproblem; however,
extensions of the method for reduced order design are presented.
The following assumptions are made:

1) (A,, B,,) stabilizable, (Cy,, A,) detectable

2) (Ay, B,,) stabilizable, (Cy,, A;) detectable

3) (A, B,,,) stabilizable, (C,_, A.) detectable

4) DI, D, full rank, D,,, D], full rank

5) 142 —ef1 Buy full column rank V6 € [0, 27)
Cz Dzu

6) [AZE;ZJ'HI I ] full row rank Y € [0, 27)

7yD,, =0
Conditions 1-3 ensure the existence of stabilizing controllers, and
if only stable weighting functions are used, the existence of a K
that stabilizes the H, problem has been shown to be necessary and
sufficient for K stabilizing the H,, and I, problems.* Conditions
4-6 ensure that the H, problem considered separately has a nonsin-
gular solution. A nonsingular H, subproblem is not necessary for
the numerical solution, but it provides a convenient starting location
and an easily defined anchor point for the Pareto-optimal surface.
Numerically, it is only necessary that the overall mixed-norm prob-
lem be nonsingular, to avoid solutions that require infinite control
power or result in open-loop response characteristics. Condition 7
also is not necessary, but a strictly causal Py, or K is sufficient
for well-posedness of the problem. A strictly causal P, is often a
mild assumption when actuator dynamics are considered. Further, it
frees us from making a similar assumption on the compensator, and
it eases the notation required for this development. The relaxation
of this final assumption is discussed at the end of this section.

Under certain conditions, the numerical method presented here
is applicable to reduced-order control synthesis problems. Specifi-
cally, we need to add the assumption that there exist reduced-order
stabilizing controllers that satisfy the constraints. The difficulty
that this presents is that we must be able to find an initial stabi-
lizing controller with the desired order. Note also that the regularity
assumptions on the H, subproblem are no longer appropriate for
reduced-order controllers. This second concern is not a problem for
the numerical solution because, as stated above, it is only necessary
that the overall mixed-norm problem be nonsingular.

The desired compensator K can be written in the form

x.(k+1) = A.x (k) + B.y(k) (
5)
uky = Cex.(k) + D.y(k)

where A., B,, C.,and D, areto be determined from the optimization
problem. Note that, for the continuous-time problem, D, cannot be
used as a design variable. This is because it is uniquely determined
by

Dzw + Dzu Dchw =0 (6)

which is necessary in order for || T,,, ||, to be finite.! This is not the
case for discrete time.

Using Eq. (5), the closed-loop state—space equations can be writ-
ten as

xz(k + 1) = AZxZ(k) + wa(k)

2(k) = C.xp(k) + D w(k) @

xi(k + 1) = Aix (k) + B,r (k) ®
m(k) = Cpxy (k) + Dyyr (k)

Xoo(k + 1) = AsXoo (k) + Byd (k) )

e(k) = CoXoo (k) + Dgd (k)
where

A e Y

and the various .4, B, C, and D matrices are formed by closing the
loop around the compensator for each of the subproblems.

The assumption of Dy, = 0 can be relaxed via a simple change of
variables as described by Safonov et al.® The remaining assumption
is one of well-posedness, namely (I + D.D,,) must be invertible.
With this relaxation, the only remaining restrictions for numerical
solution of the full-order problem are stabilizability, detectability,
well posedness, and an overall mixed problem that is nonsingular.
This is a minimal set of assumptions that are met easily in any mean-
ingful control problem. Note that, if we wish to solve for reduced-
order controllers, we must also assume the existence of, and be able
to find, at least one reduced-order stabilizing controller.

Numerical Approach to the Solution

Canfield et al.” used a sequential quadratic programming (SQP)
algorithm to solve the continuous-time H,—H,, problem. Applying
their method to the current problem, the objective ( f) and constraints
(g) are as follows:

F) == &lTu i3 amn
81(€) = E (| T Iy — V) (12)
8oo (k) 1= €N Tealloa — ¥) (13)

where « represents a vectorized compensator and the £ are scal-
ing parameters. A modal form is assumed for the compensator to
reduce the number of variables. Although this method does not
allow repeated eigenvalues in the compensator, in practice it has
proven sufficient. If it is necessary to allow for repeated eigenval-
ues, a block-Jordan form or fully populated state space could be
used instead. Finally, because SQP searches over both feasible and
infeasible solutions, a stability constraint and an exterior penalty
function were added to keep the algorithm from getting lost in an
unstable region. The stability constraint is stated as

8.00) = & (max [ (AP} — 1) (14)

where A; (A;) denotes the ith eigenvalue of the closed-loop system
and g, (k) is constrained to be less than zero. The penalty function
added to the objective function is simply the square of the stabil-
ity constraint, thus providing continuous derivatives at the stability
boundary.

Computing Gradients of the 2-Norm

We begin by defining n, as the number of states, #,, as the number
of exogenous inputs, and n, as the number of controlled outputs of
the H, subproblem, and 7, as the number of states of the compen-
sator. The square of the 2-norm for stable discrete-time systems can
be calculated as

I T2 3 = trace[ D], Dy + C. 05CT | (15)
where (, is a solution to the Lyapunov equation
A0, 4; + BB, = 0 (16)

The dual Lyapunov equation

Al XA +CIC. = X, an
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has a real, symmetric, positive semidefinite solution X,, which is
guaranteed to exist if LA, is stable. With this we can define

Xu Xn Qu Qn
X, = , = 18
’ I:X1T2 X22:| 0 |: - Q22i| (18)

Following the derivation for a similar cost function by Mukho-
padhyay,? the remainder of the gradients now can be expressed as

aJ
—_— = Z[XngAlez + XlrzBuz CoQn+XnB.Cy, 01

94,

+ XnA:Qn+ X1,B.,DCy, Q2| 19)
a‘] T T T T ~T T
T =2[X],A2,01C], + X[, B,,C.Q1,C] + X»B.Cy, Qi CL,

+XnA. Q{zcyrz +X1,B,D;, + XzchDwa;w

+X0,B,,D.C,,0,,C], + X1, B,,D. Dy, DyTw] (20)

aJ
aC,

=2[D],C.01+ DL D.C.0xn + Bl X114201

u <
+ B X\1B,,Cc0n + Bl X12B.Cy, Q12+ Bl X12A. O

+ D!, D,,D.Cy, Q12+ B}, X11B,, D.Cy, Q15 1)

aJ
aD,

:2[DzTuDzwDT +DZT DzchDvaT +DzTuC2Q“C.VT2

yw u ] yw

+ D!, D.,D.Cy, Q1 C}, + D], D, C.01,CT,

+ B,,TZXW‘\ZQUCyT2 + BMTZXIIBuch'Cyz QucyTz
+ B X1 B,,C.Q1,C, + B, X1,B.C,, 01, CT,

+B] X,A.Q1,CT + Bl X,,B, D],

+ B! X\1B,, DDy, D], + Bl X,2B.D,,, D7, | (22)

yw yw

The penalty function associated with the objective makes it un-
likely that a 2-norm gradient calculation for an unstable system will
be necessary. However, in the event that it is required, the algorithm
detects the unstable closed-loop system and switches to a finite-
difference calculation for the gradient of the stable and antistable
projections of the objective transfer function.

Computing Gradients of the 1-Norm
The state—space expression for the 1-norm of a single-input
single-output (SISO) transfer function is

o0

1Tl =) [CrALB,

k=0

+ (D | (23)

The partial derivatives with respect to the closed-loop state—space
can be expressed as

Ml il , .
9A; = !Sg“(CmA’fBr)Z[(AT) cr Bl (A7) ]}

k=0 =0

(24)

NT =
B L = ngn(CmA’l‘Br)[(AlT)kCZ] 25)

k=0

a”Tmrul

Tl =3 sn(caAiB)[ET(AD)] o)

k=0

a”Tmrlll

= 27
0D, sgn(D,,,) 27

where sgn(-) is 1, —1, or 0 depending on the sign of the argument.
From these, we can obtain the gradients with respect to the com-
pensator state space by employing the chain rule for the close-loop
plant matrices in conjunction with Egs. (24-27). Naturally, the infi-
nite summations cannot be carried out; the current implementation
truncates the summation at some specified number of time steps.
Once a solution is found for a given truncation level, the tolerance
for the 1-norm is checked by simply recalculating the norm using
a significantly higher truncation level. If the error is greater than a
specified tolerance, the truncation level is increased and the opti-
mization is repeated, starting with the last computed compensator.
The method above works well (albeit slowly) for truncation levels
up to approximately 1000, which is often more than sufficient for
systems with closely spaced modes and sample rates set at 5-10
times the highest mode. For systems with widely separated poles,
a sampling rate fast enough for the highest mode often resulted in
truncation levels of 5000-10,000 to capture the lower modes. These
truncation levels resulted in prohibitively high run times and/or nu-
merical instability. For systems such as this, a modification to the
subroutines providing /; norm and gradient information was devel-
oped by Spillman® and is described subsequently.

For now, we again limit the discussion to SISO systems. If \A, is
nondefective, and denoting the 7th left and right eigenvectors as L;
and R;, respectively, then the partial derivative of .A’]" with respect
to any element of .4, is given by

3A;  O[RA*R™']  dR N

= = R!
dap, 0ap, 94,
dAK IR
+ R R~ RARRTT SR 28)
Qpg dap,

where A is a diagonal matrix of eigenvalues,
ni
= Z C,'jRj'{"C,‘R,':‘/,’—'—C,'R,' (29)
J=Lj#i

IR

Bap,

_ L{[R:(akl/aapq) - (8Al/8al7q)Ri]

= £ (30
J )\j Y i#j (30)
¢ = —R(R/"V;) 31

dAK LAAF BA
I N r 2, (32)

dap, Lt BN dap

and where n; is the number of states, the symbol i signifies the
real part, and the eigenvectors are normalized such that R R; = 1.
The partial derivative of the 1-norm with respect to .A4; can now be
found element-wise from

Ml ; A}
= sgn{C,, A B, )C,, — B, (33)
3A1,,q kZ;} ( 1 ) dap,

The sign of C,, A’]‘ B, can be stored as part of the norm calculation.
This eliminates a costly part of the gradient calculation, because this
factor no longer needs to be recomputed for k = 0, ..., N. With
this, the only remaining part that requires evaluation is the diagonal
matrix A, at each index k, and this only requires the calculation of
the diagonal elements. Once these terms have been calculated, the
gradient expressions can be evaluated quickly.

Currently, the new method is limited to nondefective matrices
with no repeated eigenvalues in the closed-loop .A; matrix. If the
repeated roots stem from weighting functions, it is usually possi-
ble to perturb these functions to avoid repeated roots, without any
adverse effects on the overall design. To a lesser degree, it is also
possible to perturb the plant model to avoid having repeated roots.
Although extensions for the case of repeated eigenvalues may be
possible, the current method switches to a finite difference calcula-
tion in the event that they occur. Although this involves a degradation
in the efficiency of the gradient algorithm, the accuracy of the finite
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difference gradient is sufficient to maintain numerical stability and
convergence.

For multi-input/multi-output (MIMO) transfer functions, the
1-norm is determined by the maximum row sum of SISO transfer-
function norms. To implement this, the row where the maximum
occurs can be determined first, and SISO norms can be computed
for each transfer function in the row. However, the nature of the
[, optimal solution is such that the maximum row sum may occur
over more than one row, leading to discontinuous derivatives. For
this reason, the current implementation is to append each row sum
as a separate multi-input/single-output transfer-function constraint,
with the same constraint level used for each row sum.

Computing Gradients of the Infinity-Norm

The approach for taking gradients of the co-norm is based on
the singular value sensitivity analysis of Giesy and Lim,’ with some
modification required to apply it to a discrete-time problem. If we as-
sume that the maximum singular value of T,, evaluated at « has a sin-
gle peak for 6 € [0, 27), the derivative of || T,4]l« can be written as

AT, dT, (el
al dllw:m{u{,[ 1G )]v.} 34
AK; dx;

where i, and v, are the singular vectors associated with the maxi-
mum singular value of T,,, 6, is the phase angle where the singular
value reaches its maximum, and « is the vectorized compensator.
The derivative of T,,; can be determined from

dT,, (/%) dac, , . -1
;——— = —Ki(eﬂ)oI —AOO) Bd

dK,' d
6 -1 dBd 6 -1
+Co(e™1 - As) o +Ce(ef™1 — Ay)
d.Aoo i -1 dDe(I
x —&T(el "I — Ax) B+ ” ] 35)

The actual implementation of this method uses a banded search to
locate any number of singular-value peaks. Each peak is then treated
as a separate constraint with the same constraint value. Although
this may result in carrying inactive constraints in the optimization
problem, it avoids the problem of discontinuous derivatives, which
can occur if gradient information is obtained from a single peak.
If a new peak develops while the optimization problem is being
solved, the problem is restarted with a composite of new and old
frequency bands, thus avoiding the problem of bouncing back and
forth between two different peaks.

Computing Stability Gradients
The stability constraint was defined by Eq. (14). Define

A = Om + jo,, = arg(max |A; (Az)]) (36)

so that we can write the gradient expression as

8 _ zgv{amm(lg 0.4, r,,,) + com?v(d%rm) ] (37)

3’(1‘ aK,' 8!(,‘

where [, and r,, denote the left and right eigenvectors, respectively,
associated with the maximum eigenvalue and the partial of A, with
respect to k; can be easily evaluated componentwise.

The analytical gradient expressions are valid for the discretized
plant at whatever frequency the plant is discretized. For the follow-
ing example, the analytical gradients were validated by finite differ-
ence calculations. If the sample rate were changed, of course, the
discretized plant model also would change, and the gradient expres-
sions would reflect this change. Naturally, if the plant’s sample rate is
too slow, dynamic instability can occur just as it can for any discrete-
time synthesis method. This error manifests itself only when the
discrete-time controller is implemented with the continuous-time
plant in a sampled data mode. The mixed-norm method makes no
attempt to protect the user against bad choices for sample rate. It is
up to the user to choose a sample rate consistent with the dynamics
of the system.

MIMO Aircraft Terrain-Following Example

Problem Overview

This section demonstrates H,—l1—H,, control synthesis for a gen-
eral multiblock plant. The example used is a longitudinal controller
design for a fighter aircraft in a terrain-following mode. The aircraft
is an A-4 operating at sea level, Mach 0.85 (Ref. 10). There are five
states in the basic plant: vertical velocity in the aircraft axes (w,
meters/second), altitude perturbation (4, meters), pitch rate (g, ra-
dians/second), pitch angle (6, radians), and forward velocity pertur-
bation in the aircraft axes (u, meters/second). The control inputs are
elevator deflection (é,, radians) and throttle (§7). A throttle control
was specifically included in this example to help maintain forward
velocity during a commanded change in altitude. The throttle re-
sponse was assumed to be more sluggish than that of the elevator,
and this makes it less attractive for controlling the states that vary
quickly. However, natural forward velocity variations are mainly
attributable to the slowly varying phugoid mode, and the throttle
provides excellent control authority over this state. Measurements
are assumed to be available from a combination of air data and some
type of inertial measurement unit, and measurements consist of al-
titude rate, altitude, normal acceleration felt by the pilot (n.), pitch
angle, and forward velocity perturbation. Commanded inputs are a
combination of flight-path angle (or altitude rate) and altitude. Con-
trolled outputs are various combinations of the measurements. The
goal is to enable the aircraft to follow flight-path angle and altitude
commands quickly and accurately, maintain low overshoot and rea-
sonable settling times, keep control usage and pilot g-levels within
reasonable bounds, and have the steady-state flight be relatively in-
sensitive to wind gusts and measurement noise. The continuous-time
plant is given by

W —223 0 289.13 0 —0.1134
h -1 0 0 289.13 0
g $=1{-015513 0 —4.1708 0 0.0041218
6 0 0 1 0 0
i —0.0368 0 0 —9.8066 —0.0308
w —57.302 0
h 0 0 5
x { g }+ | —63.754 0.000243 {5} (38)
) 0 0 T
u 0 0.002344
h
h
n, § =
0
-1 0 0  289.13 0 w
0 1 0 0 0 h
—0.17918 0 30.780 0 —0.01284 q
0 0 0 1 0 9
0 0 0 0 1 u
(39)

Actuator dynamics are assumed for both the elevator and the thrust
and are modeled as follows:

8.(s) = [20/(s + 20)18.,(s)
5r(s) = [5/(s + 3)1ér,(s) (40)

As mentioned previously, the throttle was assumed to be more slug-
gish than the elevator to discourage its use for controlling the faster-
varying modes of the system.

The basic plant includes the short-period mode (w,, = 7.35
rad/s), phugoid mode (w, = 0.0696 rad/s), and an additional pole
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at the origin resulting from the altitude state. The wide separation
in frequency between the modes presents a challenging problem; a
sample rate fast enough to accommodate the short period and actua-
tor modes will result in high truncation levels to capture the phugoid
and integrator states. A sample rate of 20 Hz was chosen, based on
the actuator modes (6.3 x w;,), and a zero-order hold was used for
discretization of the transfer functions. Simulations of the various
closed-loop systems used a continuous-time plant and discrete-time
compensators. Further, to provide a more realistic reference com-
mand (as opposed to a discrete step input) with which to evaluate
the controllers, a command generator was used in the closed-loop
simulations (see Fig. 2). The command generator provides a com-
manded increase in altitude of 120 m, which takes place over 3 s.
The command filter with @, = 5 rad/s was chosen to model either
pilot lag or command smoothing on the part of an automatic terrain-
following mode. As a pilot model, the command filter represents a
fast pilot, thus presenting a more challenging design problem.

H; Subproblem

The H, subproblem is based on a steady-state linear quadratic
Gaussian design. A wind disturbance, which enters the plant as
an angle-of-attack disturbance, is modeled as the output of a first-
order shaping filter driven by zero-mean white Gaussian noise, and
is included in both the design model and the simulation model.
Intensity levels and time constants are chosen for sea-level flight in
cumulus clouds as used for the control designs on the NASA F-8C.!!

Controlled outputs consist of the measurements with weightings
of 10, 1000, 1000, 10, and 1 on &, Ak, n,, 6, and u, respectively. To
enable nonzero set-point tracking, a pseudointegral state on altitude
error was added to the plant as follows:

1000

m[h@) — he(s)] (41

ip(s) =
and a weight of 0.1 was used for the output of the pseudointegral
state. Control weights of 0.1 and 1 were used for §, and &7, respec-
tively. All of the weights were chosen subjectively and iteratively,
based on closed-loop simulations, with a goal of maintaining steady
forward velocity during a commanded change in altitude, maintain-
ing g-levels below 4 g for simulated commands, and accurately
tracking altitude and altitude-rate commands. The higher weight on
87 as opposed to that on §, is again meant to discourage the use
of thrust over elevator commands. Thrust is primarily intended to
maintain forward velocity.

The measurements are assumed to be corrupted by zero-mean,
white Gaussian noises with the strength initially set to 10* rad?-s.
After several iterations, the noise strength on the # measurement
was dropped to 1073 to reflect the smaller unit dimensions (radians,
as compared to meters, and meters/second). The H, solution was
very sensitive to the value of the noise strength placed on the alti-
tude measurements, and this is shown in Fig. 3 for noise strengths
of 107 and 1075, As shown, the 10~° setting results in a much
quicker response at the expense of higher g-loading (not shown)
and much wider fluctuations in pitch response. The final design
opted for the quicker tracking associated with a noise strength of
1073 rad?-s. It was decided to allow for the high overshoot and large
pitch variations in the H, portion of the problem in hopes that it
could be reduced significantly using an /; constraint. Overall, the
H, subproblem provides quick response to altitude and altitude-rate
errors, and is generally unaffected by wind gusts and measurement
noise. The noise levels used for the simulation were generally higher
than those used to synthesize the controller. This was done to high-
light differences between the controllers. The final H, plant for this
example is ninth order, which also will be the order of the H, optimal
compensator. This example does not attempt to examine reduced-
order compensators, and so, the mixed-norm compensators also will
be ninth order.

I1 Subproblem

The /; subproblem was used to reduce the maximum magnitude
of the altitude error, thereby reducing the large overshoot result-
ing from the H, subproblem. The bounded magnitude inputs were
taken as the wind gust and commanded altitude and altitude rate

(or flight-path angle). We wish to be able to reject the wind gust
while tracking the altitude and altitude-rate commands. A more
general sensitivity constraint could have been used as an alterna-
tive, but the H, subproblem provided adequate state regulation, and
we were exclusively interested in constraining altitude error. The
controlled altitude error was band-limited to reduce the susceptibil-
ity to measurement noise,

ho(s) = [4/(s + DA (s) — he(s)] 42)

and a weight of 1 was used. The value of the weight for the /| con-
straint is unimportant for this problem because it is a single output
constraint. The bandwidth of the frequency weight was based on
the pilot model, and was set to 4 rad/s so as not to coincide with the
open-loop pole from the throttle dynamics. This still represents rel-
atively fast pilot commands for the design model, and it allows the /;
gradient algorithm to take advantage of the analytical formulations.

H>-l1 Results

Table 1 shows norm values for several of the H,—/; compensators,
and Fig. 4 shows the corresponding simulation results for a 40-m/s
climb held for 3 s. As shown, the /, constraint can significantly re-
duce the overshoot without sacrificing rise time and overall speed
of response. The large overshoot associated with the higher levels
of the 1-norm constraint is especially troublesome, because it rep-
resents increased vulnerability of the aircraft. It also represents a
potentially hazardous situation for the pilot if a decrease in altitude
were commanded during low-level flight.

An additional drawback of the large overshoot associated with
the H, solution is evident in the pitch-angle response shown in
Fig. 5. Neglecting angle of attack, a 40-m/s climb represents an
8-deg pitch angle. Note that the H, solution (case 1) has a pitch
response that peaks at close to 15 deg, whereas the H,—{, solutions
tend to peak closer to 10 deg. Also, a large negative pitch angle
(=7 deg) in case 1 results from the rapid decrease in altitude as the
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Fig. 3 Sensitivity of H, performance to altitude noise strength.
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Fig. 4 Response to altitude change for H,-I; designs, cases 1-8.
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Table 1 Mixed H,-1; control results

”Tzw”2 “Tmr ”1
Case no. o v
1 (H optimal) 0.15840 3.086
2 0.15840 2.800
3 0.15841 2.600
4 0.15844 2.400
5 0.15851 2.200
6 0.15861 2.000
7 0.15907 1.800
8 0.16164 1.600

Pitch argle (deg)

Fig. 5 Pitch-angle response for H,-I; designs, cases 1-8.

Case 1 Case 4
T T 10 T Y

5 10 15 20 0 5 15 20

10
Time (sec) Time (soc)

Fig. 6 Normal acceleration for H,-I; designs.

compensator attempts to damp out the large error associated with
the overshoot. Most of the H,~I; systems show negative pitch an-
gles of only —2.5 deg or less for the same commanded inputs. These
are clearly desirable features of the H,—/; systems. Drawbacks of
the H,~I, systems are increased g-loading on the pilot and greater
susceptibility to measurement noise as shown in Fig. 6. Although
all of the systems demonstrate relatively high g-levels associated
with the command response, the desired g-limit of 4 for the simu-
lated command has been met for v = 2.0 or higher. Furthermore, a
slightly reduced bandwidth on the simulation command filter (down
to 23 rad/s) decreases the peak g-level to below 3. The steady-state
portion of the responses shown in Fig. 6 indicate that the pilot gets
an increasingly bumpy ride because of measurement noise as the I;
constraint level is decreased. The modeled flight condition results in
sufficient actuator authority, with the peak commanded actuator de-
flection being less than 5 deg for all cases (not shown), and actuator
rates (also not shown) are within 20 deg/s for all cases.

The value of || T, Il; is so conservative for this example that
the physical significance is almost meaningless. For instance,
1711 = 2 indicates that there could be a worst-case altitude error

2-normof Tzw

0 : : ; ; i ; ;
16 18 2 22 24 26 28 3 32
1--notm of Trme

Fig. 7 Resulting norm values for H,—l;~h, designs.
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Fig.8 Pareto-optimal H,-l;-H, curve, v = 2.0.

of 200 m resulting from some combination of a 100-m/s (or less)
altitude rate command and 100-m (or less) altitude command. Al-
though this sounds extremely bad, the associated time response for
case 6 (Figs. 6 and 7) shows a relatively good response to a com-
bined altitude and altitude-rate command in the presence of wind
gusts and measurement noise. For this reason, the actual values of
the /; norm probably should be used only for comparison purposes
in most problems.

H~l1~H », Results

For the H,—/; cases discussed previously, no attempt was made
to monitor or improve robust stability levels for the closed-loop
system; these concerns were temporarily set aside for the H,, sub-
problem. Figure 8 shows the H,/I; Pareto-optimal curve and the
resulting co-norms of the output complementary sensitivity (Z.,),
used here as a measure of robust stability in the presence of output
multiplicative uncertainty.'? The oo-norm and 1-norm constraints
are not competing until || 7, || ; is pushed well below 2.0, after which
the value of [|T,4(|« increases significantly. On the basis of these
curves, and the time responses shown previously, a 1-norm con-
straint level of v = 2.0 was chosen as the desired level of track-
ing. Holding this 1-norm constraint level, || 7,4, Was then reduced
from a starting value of y = 2.14 using H,-/,~H,, optimization,
and the resulting Pareto-optimal curve is shown in Fig. §. An un-
weighted complementary sensitivity was used for 7,4, because the
typical high-frequency weight for unmodeled dynamics would take
effect beyond the Nyquist sampling frequency for this system. As
shown, || 7,4 || can be reduced further without a significant increase
in || T, 12, until y is pushed below 1.6. The effect of reducing the
singular-value peaks of T,, can be seen clearly in Fig. 9, and the
appearance of multiple active peaks for the lower y levels is evident.

As a second measure of robust stability, the independent gain and
phase margins are shown in Table 2. The gain margins for MIMO
systems cannot be taken as the algebraic union of the sensitivity
(IGM) and complementary sensitivity (/GMr) gain margins; there-
fore, both limits are shown. Modest improvements can be made in
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Table 2 Mixed optimal control margins

Case IGMs, IGMt, IPM,
no. ITewllz Tedlloo dB dB deg
1 0.15840 3.207 [—2.07 2.74] [-3.26 2.36] 18.0
2 0.15840 2.741 [—2.31 3.15] [—3.96 2.71] 21.1
3 0.15841 2.526 [-2.43 3.38] [—4.39 2.90] 229
4 0.15844 2.379 [-2.53 3.58] [—4.75 3.05] 243
5 0.15851 2.224 [—2.64 3.81] [-5.20 3.23] 26.0
6 0.15861 2.140 [—2.73 401} [-5.49 3.34] 27.1
7 0.15907 2.843 [—2.63 3.79] [-4.96 3.14] 25.1
8 0.16164 12,942 [-1.67 2.08] [-2.19 1.75] 12.8
9 0.15864 2.000 {—2.85 4.26] [-6.04 3.53] 29.0

10 0.15879 1.800 [-3.02 4.68] [-7.07 3.85] 32.3
11 0.15906 1.600 [-323 5.19] [-8.56 4.23] 36.5
12 0.16507 1.400 [-3.46 584} [-1096 4.70] 420
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Fig. 9 Output complementary sensitivity for Hp~li-H, designs,
v=20.
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Fig. 10 Normal acceleration for H,-I; designs.

the gain and phase margins with only slight increases in || T}, ]l5.
Acceleration (g) levels for cases 9—-12 are shown in Fig. 10. An un-
expected bonus of improving the robust stability for this particular
problem is that g-levels actually decreased. The target level of 4g
has been met, and elevator commands (again not shown) are very
low (2-3 deg) for the simulated commands.

Conclusions

As demonstrated by the terrain-following example, the proposed
method is capable of combining the H,, [;, and H,, norms of

different transfer functions into a single, constrained-optimization
problem. The method has great practical potential because it yields
compensators that are of a specifiable fixed order. This feature of the
method eliminates the need for further model reduction. Although
the method makes no claims of convexity, global optimality, or con-
vergence, it has proven to be effective with a variety of problems.
Conceptually, one drawback of the method is that it provides no
information as to how far away the fixed-order solution is from the
global (free-order) solution. Although this is an important theoret-
ical issue, it may prove to be less significant in practice. Tradeoff
curves showing objective vs controller order for given constraint
levels can be generated by exercising the algorithm at increasingly
higher (or lower) controller orders.

Using [, constraints to achieve tight tracking shows great promise;
however, note that the actual value of the 1-norm can be so conser-
vative that its physical significance becomes meaningless. This is
important because /; optimization often has been mentioned as a
method to put absolute magnitude bounds on errors, control usage,
and control rates. Although [, optimization does an excellent job of
limiting the magnitude of controlled outputs, the achieved values
of the outputs for actual inputs are usually far less than might be
indicated by the value of the norm. For specific inputs, a much less
conservative method for limiting error magnitude would be to apply
output [, constraints.
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